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Abstract 

We explicitly prove, using some nontrivial identities involving gamma 
matrices, that there can be only one Spin(9) x SU(2) invariant state 
which depends only on fermionic variables. 

1 Introduction 

The explicit construction of the conjectured ground state of the Su- 
permembrane/ M-theory matrix model [T] would certainly bring new 
ideas into the subject. Although the asymptotic behavior of such 
state is very well studied [2], not so much is known about the prop- 
erties of the corresponding wavefunction ty(x) near the origin. It is 
expected that the explicit form of the large x and the small x depen- 
dence of *$>(x) together with some symmetry arguments should fix the 
entire state uniquely. Following this argument one would like to deter- 
mine the first few terms of the Taylor expansion of ^f(x), the problem 
which was addressed in Ref [3]. Since the wavefunction fy(x) must be 
Spin(9) x SU(2) invariant j4], the first term of the expansion 4> := ^(0) 
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is the Spin(9) x SU(2) singlet depending only on the fermionic vari- 
ables 8 aA , {0 a A, 8/3b} = $AB8ai3, (a = 1, ... ,16, A = 1,2, 3). It turns 
out that 4> can be expressed in terms of elements of representations of 
SO (9), in a simple, closed form [3J. This result agrees with earlier ap- 
proach [5] where <p was constructed using a different method. In both 
[3] and [5], the uniqueness of <f> is argued relying on the symbolic com- 
puter programme. In this paper we give a paper-pencil prove of the 
uniqueness of (f> using some novel intertwining relations and identities 
involving 16 x 16 gamma matrices in 9 + 1 dimensions. 



2 The construction of 

For fixed color index A, the sixteen fermions 9 aA , give rise to the 
256 dimensional Hilbert space i?256) correspondingly the total Hilbert 
space H can be written as H = i^256 ® ^256 ® -^256- The 256 rep- 
resentation of 50(9) is reducible, 256 = 44 84 128, and we find 
that among the possible tensor products, the relevant ones (i.e. those 
involving the £0(9) singlet) belong to O |6] 

44 44 44, (1) 

84 84 ® 84, (2) 

44 84 84, 84 84 44, 84 44 84, (3) 

44 128 128, 128 44 128, 128 128 44 (4) 

and 

84 128 128, 128 84 128, 128 128 84. (5) 

There are in total fourteen SO (9) singlets; 1, 1, 3, 3 and 6 corre- 
sponding to (P), (|2|), ©, and ([5]) respectively (note the double 
multiplicity in ([5]) coming from the fact that 128 128 gives two 
84's while 84 84 contains a singlet). An appropriate SU(2) invari- 
ant combination of the 14 states yields the desired Spin(9) x SU (2) 
singlet. 

As shown in [3j, among the elements of five representations in ([TJ, 
([2]) and ([3]) there exists only one such state, explicitly 

1 3 

0:=|||1) + - III 1), (6) 
44 •Jf 844 

III 1) := \su)x\tu) 2 \st) 3 , 

44 



2 



|| 1) := \suv)i\tuv) 2 \st) 3 + \tuv)i\st) 2 \suv) 3 + \st)l\suv) 2 \tuv} 3 , 
844 

where \su)a and \suv)a are the elements of the 44 and the 84 repre- 
sentations, respectively (the elements of ([3]) do not contribute to </>). 
The main result of this paper is the proof of the fact that in the whole 
14 dimensional space of SO (9) singlets, <fi is a unique Spin(9) x SU(2) 
invariant state. 



3 The uniqueness 

Apart from the five SO (9) singlets considered in [3] 

Si := \su) 1 \tu} 2 \st}3, (7) 

S 2 := e st ^™ 6c | S te) 1 |^r) 2 |a6 C ) 3 , (8) 

S 3 := \suv)i\tuv) 2 \st) 3 , 5 4 := \tuv) 1 \st) 2 \suv) 3 , 

S5 '■= \st)i\suv) 2 \tuv) 3 (9) 

corresponding to (P), ([2]) and ([3]) respectively, there are 9 additional 
ones involving the 128 representation. Our choice is 

56 := \sa)i\ta) 2 \st)s, £7 : = \sa)i\st} 2 \ta} 3 , 

S 8 := \st)i\sa) 2 \ta) 3 , (10) 
&9 : = l s a pWa)i\vP) 2 \suv)2,, Sio := i s a p\ua)x\suv) 2 \vP) 3 , 

Sll ■= 7a/3\ suv )l\ ua )2\v(3)3, (11) 

S 12 := 7^|to)a|^) 2 | SW }3, S 13 := ^Jlta^suvMtpys, 

Su:=l s J\suv) x \ta) 2 \tp) z , (12) 

(although the states in (|lip and (|12p have the same representation 
content, they are linearly independent since there does not exist an 
identity such as S^j^ oc 5 tu 5 TV ^ s a ^ ). 

The SU(2) invariance of the linear combination (j) := Y2i a i^i, 
en G C, implies that Ja4> = 0, A = 1, 2, 3 where are the SU(2) 
generators J a = \^ABC^aB^aC- Let us take ^4 = 3 and denote the 
matrix representation of J3 by Jjj, i.e. J 3 Si = J2j Jji$j- The SU(2) 
invariance is now equivalent to the matrix equation 

^0^ = 0, ( 13 ) 
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hence a uniqueness of <j> is equivalent to the existence of a unique 
eigenvector of matrix J corresponding to the zero eigenvalue. 
The first 5 rows of the matrix can be determined from [3] 

T q _ 13 3456 972 _ 

J3»J1 — ~r^6) ^3^2 — Z — ^9 H ^^12, ^3<->3 — — y ^6j 

4 5 5 

13* 23i 13i 23i 

In deriving the above result it is essential to take advantage of the 
intertwining relations 

29 aA \st) A = Yap\tP)A + lUW)A, (14) 
e aA \stu) A = -±= {Yjp\uf3) A + ^\t(3) A + 7 %\sf3) A ) , (15) 



note however that, because of the appearance of the 128 in (|T0j). (|TT|) 
and (|12J). the evaluation of Jjj for j > 5 requires one more relation, 
namely □ 

e a , A \tP)A = \f af i\vt)A - ^rj=T%°\8uv) A - ^j= 7 ^\uvt) A . (16) 
After some algebra (see the next section for the details) we find that 
J 3 S 6 = 45! + jjs S) JsS 7 = \s 8 - -^=S U - ^=5 14 , 

J * S * ~ 2 S7 -^ Sl0 ~^ S ^ Js59 " 162^-371 4 ~37I 5 ' 

7 1 7 1 

J3S10 = -on - 7^5*14, J3S11 = ttSio — TZ^13, 
6 18 6 18 

hSl2 = -W2 S2 + ^2 Si + W2 S ^ 
J3S13 = ~~^^ 8 ~ 62d\i, J3S14 = ——j=-S-j — 62if?iQ, 



1 Eqn. (TT6l) was & l so known to J.Hoppe and D. Lundholm. 
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The matrix J can be easily diagonalized and we find that its kernel is 
two dimensional spanned by vectors Si + ^§£3 and S4 + S5. Since the 
singlet must be invariant with respect to any permutation of the color 
index A, the only possibility is the cyclically invariant combination 
given by ©. 



3.1 Detailed calculation 

Below we present the evaluation of J3 = 9 a i6 a 2 acting on Si, i > 5 
focusing on most important parts of the calculation. 

For i = 6 the state J3SQ = 9 a \9 a 2\sj3)\tf3)\st) consists of 9 terms 
(c.p. (TT6j) ). explicitly 

Jrr( 7 u 7 u i)MKi)| S *) = 4Si, -^Tr( 7 V P9r )l^)|Mr}|^) = 0, 
-^fr( 7 ^)\us)\pqt)\st) = 0, -_^Tr( 7 s ^7")| M r)|^)| S i) = 0, 

"2ok rr(7SP9r7tP19iri)lMr)|Pl,?iri)l ^ ) = l Ss ' 
A_ Tr ^sPir lP ^)\p q r)\p iqi t)\st) = 0, 



12V2 



Tr(^ pg j u )\pqs)\ut)\st) = 0, 



-—Tr(i^^ n )\pq8)]p 1 q 1 r 1 )\ S t) = 0, 
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-^Tr( 7 ^Y iqi )\PQs)\piqit)\st) = ^S 3 , 
which were evaluated using the following identities 

Tr( 7 V P9r ) = 0, Tr( 7 M 7 w ) = 0, Tr( 7 spqr 7 u ) = 0, Tr{-f spqr -f Piqi ) = 
Tr(-f spqr j tpiqiri ) = 16 sgn(Tr)5 sn(t) 5 p ^ pl) 5 q ^ qi) 5 r ^ ri) , 

7TGS 4 

Tr(7 P V) = 0, Tr( 7 P V Pl<?iri ) = 0, Tr(Y q 7 Piqi ) = -W{5 PPl 5 qqi -5 pq 
Therefore we have 

J 3 5 6 = 4S 1 + ^S 3 . (17) 

For i = 7 the state J3S7 = a i9 a 2\s/3)\st)\tj3) consists of 6 terms. 
They are 

\b u i% p >\us)\tp'w) = 0, ^7V]^I«*)I^')I^) = \s% 

i 



I 



-^h pq i%0\pqs)W )\tp) = -^s u , 



-h pq i\Ams)\s(3'W) = --^s ll 



where we used the identities 

[ 7 pq , 7 *] = 2 7 p <5 9 * - 2 7 q 5 pt , 7 M 7 S = <5 MS 1 + j us 

the constraint ^ s \ss) = and the Rarita-Schwinger constraint 7^1^/3) 
0. Therefore we obtain 

JsSr = \s 8 - £=S U - ^=S U (18) 
The evaluation of J^Sg is analogous to J3S7 and we find that 

JsS8 = \ Si ~ ik Sw " ^ Sl3 (19) 
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For i = 9 the state J3S9 = 9 a ii9 a i2^ s a p\ua)\vl3)\suv) consists of 9 
terms. They are 

]Tr(Y7 q Y)\ps)\rt)\qst) = 0, ^Tr^^^^qrs^uv^tpv) = 0, 

4 72 v 2 

=Tr( 7 P V7 s )N*)|sn)|rto) = — ^=S 4 , 



12V2 3V2 
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Tr(-f p J g Y' stu )\pv}\stu}\qvr) = 0, 



72^/2 

1 rr( 7 P« r V7 pi?iri81 )l^s)|giriai)|t 1 3pi) = -J-S 2 , 
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i Lrr(7 PPl 7 ? 7 ra * tt )|pPi«)|a*«)|9«r) = 0, 

i 8? 
Tr( 7 r 7 s 7 ^)|™)| M t}|^) = -—=S 5 , 



12^2 3\/2 
_Lrr( 7 ^V 7 ^^)|gr S )| Pl g lW )|^), 

J_Tr( 7 P V7 S< )|P^)|sMI™«) = 0, 
where we used the identities 

Tr(f 7 V) = 0, Tr( 7 p,?rs 7 V) = 0, 

Tr(7 P Y7 s ) = Tr( 7 p 7 9 7 rs ) = -16(<5 rp 5 sg - 5 rq 5 sp ), 
Tr(j p j q j rstu ) = 0, Xr(j pqrs 'y t 'y piqiriSl ) = l6e p<?rstpi<?iriSl , 
Tr ( 7 PPi 7 <? 7 r S *«) = 0> T r( 7 p(?rs 7 * 7 Pl<?1 ) = 0, Tr( 7 w 7 r 7 st ) = 0. 
Therefore we obtain 

** = ii2*-i>-^*- (20) 

For i = 10 the state J3S10 = ^a'i^a'27a J g|^Q!)|s'Uv)|^) consists of 
9 terms. We use the Rarita-Schwinger constraint and 

7 ^ 7 s = 7 « 7 s = 2(5 « S1 + 7 to6c = 7 * 7 afe C) t ^ a ^ c 

to find that they are 

^=h Pq Yj S U\rq}\ta)\t/3) = 0, l[ 7 ^ 7 ^V]a^|^)|^)|^) = -^14, 



^[l Pq l rs l P U\rsq)\va)\vP) = -±S U , -^=[^f^] ap \rs)\sa)W) = 0, 

^h Pq Y stu l q U\stu)\ra)\p/3) = 0, ^h Pq Y s J q U\rst)\ta)\pf3) = 2S n , 
^=h Pq 7 r 7 s U\rp)\sa)\qP) = 0, ^h Pq 7 prst 7 u U\rst)\ua)\q(3) = ^ 14 , 

^[7 P VVWI^>|ta>k/3> = ±S U ~ Isn. 
Therefore we obtain 

7 1 

J3S10 = - Yg*^ 14 ' ( 21 ) 

Evaluation of J3S11 is analogous to J3S10 and we find that 

7 1 

For i = 12 the state J3S12 = 9a'i0a'2l^)\toL)\tf3)\suv) consists of 
9 terms. They are 

^Tr(Y^ qrs ^)\pa)\ta)\qrs) = 0, 

j 1 f)Q 

' =Tr(f^V 15iri 7 u )|9r*)l«p)|Pi«iri) = -t^S*, 



72^2 Sy/2 

i Hi 
' --Tr{j pq i qst j u )\pqt)\tu}\qst) = -=S A , 



12V2 y/2 

1 1 \ \1 

^ -.Tr(Yl qrs l tqiriSl )\ P t)\qir lSl )\qr S ) = -—=S 5 , 



72V2 W ' ' 3^2 
1 -Tr( 7 p,?rs 7 to 7 wiriSl )|grs)|g 1 r 1 s 1 )|t^) = -i-Sfc, 
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"4k Tr(7PVSt7 " riSltl)lMn)|riSltl)|rSt) = "2^ 2 ' 
=Tr( 7 P 7 9rs 7' u )l^>l^>l^s) = -^<S 5 , 



12^/2 \/2 

._L Tr(7 P^ Vl r 1S1 y« )krs) |^ )kiriSl) = _l_s 2i 

-^Tr{Y q l rst l UV )\P<lw)\uvw)\rst) = 0, 

I — ■ 



where we used 

Tr( 7 V r V) = 0, 

Ty^ygrsyjigiriy^ _ jy^yiyigmyigTS^ _ ^ s ^ n (^-) ( 5S7r(u)u ( jp7r(pi) ( jq7r(qi)^r-7r(r-i) ^ 
yy^ygrsyttvyigirisi^ _ _^g € qrstuvqinsi ^ rp r ^pq^rst^unsiti^ _ -^^pqurisitirst ^ 

Tr(j rst j u >y pq ) = Tr(-f rst 7 m 7 u ) = -16 ^ ^{r) ^{s) ^{t) ^ 
Therefore we obtain 

j3Sl2 = -^ S2 + i75* + 571 S5 - (23) 

For i = 13 state J3S9 = 6 , a 'i#a'27a™l to )l s ' u ' u )l i /3) consists of 3 
terms. They are 

' :[ 7 fV7 P Ha/3|rt)l^)|t/3) = ^S 8 , 



2y/2 u ' ' ^ 
^b Pq Y Stu l Pqv U\stu)\va)\rP) = 0, 

y|[7 p VVHa/3M>MI^> = -625n, 
where we used the R-S constraint and 

[ 7 S «, y] = 2 7 s ^* - 2 7 M 5"*, y V™ = -567" , 

7 * afcc = 7 * 7 a6c , t ^ a, b, c, 7 abc * = 7 afec 7 *, t ^ a, b, c, [ 7 *, 7™"] = 2 7 * s ™, 

[7 s " ; 7 afe ] = 2(j sb 5 ua - ry sa 5 ub + ry ua S sb - >y ub 5 sa ). 
Therefore we obtain 

J 3 S 13 = --^-Ss-62Sn. (24) 
Evaluation of J3S14 is analogous to J3S14 

J 3 S 14 = -^-S 7 -62S 10 . (25) 
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4 Outlook 



The uniqueness of the Spin{9) x SU{2) state <j), proven in this paper, 
is a starting point for the unique Fock space representation of the 
hamiltonian of the full matrix model 

H = K + V + Hp 

K = -dAsdAs, V = ^{eABCXBsXctf, Hp = ifcAB7a/3 x CsOAaOB/3, 

in terms of Spin(9) x SU (2) invariant basis. To be more specific 
consider the normalized "vacuum" state 

' |O)b®0, 

where ||0|| 2 = 14014/9 (explicitly checked on the computer) and \0}b 
is the bosonic Fock vacuum (in the coordinate representation (x|0) oc 
exp{— TjXAsXAs))- Such state is also Spin(9) x 577(2) invariant and 
gives a possibility to represent H in the Spin(9) x SU (2) invariant basis 
obtained by acting with bosonic creation operators a As and fermionic 
operators Qaol on \v). 

First step towards this direction can be done by finding the expec- 
tation value {v \H\v). There is no contribution from Hp since Hp is 
linear in xas while the contributions from K and V are 27/2 and 54 
respectively, implying that 

(v\H\v) = 67.5, 

a rather large number considering the existence of the (conjectured) 
zero-energy ground state of the model. 
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